A finite quantum well, subjected to both electric and magnetic fields that are applied perpendicularly and parallel to the interfaces, respectively, is considered theoretically. Within an effective-mass approximation the energy eigenstates and associated currents are calculated numerically and analysed for a wide range of applied fields. The obtained single-particle energy spectra show the anticrossing and repulsion of the levels. The salient feature of the resulting lateral currents is an abrupt change in the magnitude as a function of the applied fields. This anomalous behaviour of the currents is seen to occur at the field strengths at which the anticrossings take place in the energy spectra.
Introduction
A more precise understanding of the physical properties of quantum wells and superlattices has become increasingly important for device applications in recent years [1] . Since infinite or finite square quantum wells are the simplest and at the same time provide most essential components for more complex quantum systems such as high-speed transistors, quantum-well lasers, resonanttunnelling diodes, etc, their behaviour in external electric and/or magnetic fields provides the subject of extensive research interest [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . Recently, the influence of the simultaneous presence of both electric and magnetic fields on quantum well structures has been investigated, where the electric field and the magnetic field were chosen to be perpendicular to each other [13] [14] [15] [16] . From the theoretical point of view this situation is quite interesting since in this case one cannot separate the Lorentz force of the magnetic field from the influence of electrical bias in the Schrödinger equation. This crossed configuration of the fields is very important for transport properties of semiconductor structures and its significance increased even more after the discovery of the quantum Hall effect [17] .
In the present paper we theoretically consider a typical quantum well structure such as a layer of GaAs sandwiched between layers of wider-bandgap Al x Ga 1−x As in the presence of mutually perpendicular electric and magnetic fields, where the direction of the latter is parallel to the interfaces and that of the former is perpendicular to them.
The objective is to investigate the effect of the crossed magnetic field and electrostatic force on the electronic and transport properties in a quantum well. Within an effectivemass approximation, we numerically exactly calculate the single-particle energy spectrum. Then, by taking the expectation values of the relevant operator the associated quantum currents are calculated flowing in a direction perpendicular to the electric and magnetic fields. Finally, the equilibrium lateral currents are obtained by summing up contributions from all occupied levels at zero temperature. To simplify the calculations, we assume the same effective masses outside as well as inside the well and also band non-parabolicity is neglected. Contributions from different effective masses and the effects of non-parabolicity may be incorporated in our model in a similar way to that done in the problem of quantum barriers [18] .
The proposed model here possesses some similarities with the previous investigations by others [2, 3] , in particular for a small B where in order to study the finite well under electric bias it is inserted into an additional external potential which consists of either two infinite barriers separated by the distance L > a [2] or an infinite triangular box [3] . The variation of B in our method corresponds to the change of L in [2] . However, our approach seems physically more natural since the artificially introduced infinitely high barriers are replaced by the usual magnetic parabolas with the obvious demand for vanishing wavefunctions at infinity. 
Formulation
The structure considered is depicted in figure 1 . The magnetic field B is assumed to be applied parallel to the interfaces in the z direction homogeneously all over the sample, and the electric bias F is applied perpendicularly to the interfaces along the y direction.
Within a single effective-mass approximation the Schrödinger equation for the considered quantum well reads (c ≡ 1)
(1) where m * is the effective mass, e is the absolute value of electron charge, µ * is the effective magnetic dipole moment of an electron, A (r) is the relevant vector potential to be specified and V (r) is the potential profile of the well. For the case of figure 1 the electrical potential energy is given by
with (y) being the Heaviside step function. We find it convenient to work in the Landau gauge and in this case the vector potential is determined to be
Then, by making use of the ansatz
where L x L z is the area of the interface, one can obtain the equation for the function χ(y) as
where y 0 =hk x /eB is the location of the centre of magnetic oscillations and ω B = eB/m * is the cyclotron frequency, and the energy E appearing in equation (5) has been defined to be
where g * is the effective g factor, s = ± 1 2 depending on the electron spin state and m 0 is the bare electron mass.
Inserting expression (2) into equation (5) and after some algebra, the following equation is obtained for
whose solutions are the Weber parabolic cylinder functions U (c, ζ ) and V (c, ζ ) [19] . The variable ζ and constant c are defined in each interval of y and are given in the explicit expressions for solutions as
where r B = (h/eB) 1/2 is the magnetic radius. In deriving equations (7)-(9) use has been made of the properties of the Weber functions, namely, solutions which increase with y → ±∞ have been omitted in the regions |y| > a/2. The coefficients A i (i = 1, 4) that appear in equations (7)-(9) are specified by the continuity of the wavefunction and its derivative at each boundary, and also the normalization condition which is chosen as
The matching conditions give rise to a set of linear homogeneous algebraic equations and the requirement of vanishing the determinant of this linear system for a nontrivial solution results in the transcendental equation. The resulting equation determines the discrete energy eigenvalues E n (y 0 ) in the plane perpendicular to B as functions of B, F , V 0 and a. Then, the energy spectrum can be written in the most general form as
where n is the subband index with a non-negative integer which essentially counts the bent Landau levels due to quantum well and electric fields. Equation (11) suggests that dispersion in k z remains parabolic, as usual in a twodimensional electron gas, but that in k x (∼y 0 ) now becomes complicated. A limiting case of equation (11) for an electron in crossed fields without a quantum well can be obtained by setting V 0 = 0 and a = 0 and the result is
Once the wavefunctions are determined, one can calculate the associated currents. An expression for the current density is given by [21] 
where the last term on the right-hand side is the contribution from the spatial density of the magnetic dipole moment. The current along the y direction vanishes identically due to the magnetic confinement in the presence of the magnetic field. There exists a current component of −ehk z /m * L z along the magnetic field which is the free conduction current carried by the plane wave ∼ exp(ik z z). In the present investigation the current flowing along the x direction is of interest physically, as it is perpendicular to both electric and magnetic fields. In this case the current density is reduced to
By integrating the above expression over the whole yz plane, one can obtain the current along the x direction carried by a definite orbital (n, y 0 , k z ; s) as
where attention should be paid to the fact that the contribution from the spin part has vanished identically and that J n (y 0 ) is independent of the quantum number k z . It can be easily calculated that the corresponding current to the states, equation (12), is
which predicts that the slope of the I -V characteristics is inversely proportional to the magnetic fields. Finally, the observable macroscopic current can be calculated by adding all contributions from the occupied levels. In particular, at zero temperature it can be obtained through
where E F is the Fermi energy.
Results and discussion
Here, we find it convenient to introduce the dimensionless energy and length as
where E 0 = π 2h2 /2m * a 2 is the ground-state energy of an infinite square well of width a. In addition, the following dimensionless parameters are introduced:
First, we shall present the obtained single-particle energy spectra for various field configurations for a potential depth V * 0 = 6. In doing so, only the nontrivial part of the energy in equation (11), E * n (y * 0 ), is analysed for particular orbitals with y * 0 = 0. A similar structure of the energy dispersion has been obtained for other values of the guiding centre of magnetic oscillations.
In figure 2 the energy spectrum E * n is drawn as a function of q for several chosen values of E * B . It is observed that the energy E * n shows a quadratic dependence on the electric field for the large magnetic field (figure 2(d)). Since for strong magnetic fields, E * B V * 0 , the quantum well plays only a minor role as a perturbation to electron motion, the electron energy levels lie far above the well. Thus, in the limit of strong magnetic fields the energy spectrum of electrons inside the well is described with good precision by equation (12) , and for electrons outside the well it differs from equation (12) only by an additional energy from the well, V * 0 . Thus, one expects that E * n behaves as ∼ − F 2 for a large B and that is seen in figure 2(d) for E * B = 10. As one decreases the magnetic fields, e.g. in figure 2(c) where E * B = 5, the energy spectrum starts to show the gradual build-up of anticrossing and repulsion of levels. A decreasing magnetic field is equivalent to increasing the influence of the quantum well on subband levels. Accordingly, for low fields, levels with different quantum numbers n interact strongly with each other (figures 2(b) and 2(a)). These interesting anticrossings in energy spectra were obtained earlier by others for a single interface [20, 22] , for a finite superlattice [22, 23] and for double quantum wells [6, 7] .
Another aspect of figure 2(a) is that energies for levels n = 0, 1 and 2 seem to remain unchanged even in the presence of electric fields. For example, it looks as though the ground orbital energy is unchanged up to the anticrossing point of q 7.33. However, this is not the case. In fact, there exists a shift of electron energy due to the applied fields compared with the energy without fields. The energy shift is seen to be negative for the ground orbital n = 0 and positive for the first excited level n = 1. Provided in table 1 are the numerical values of δE * n (q) ≡ E * n (q)−E * n (0) as a function of q for n = 0 and 1 for a fixed E * B = 0.1. The results show that the energy shift depends quadratically on the electric field ∼F 2 before the anticrossing takes place. This dependence of the energy shift, known as the quantum-confined Stark effect, is well established for quantum wells in weak and moderate electric fields [4] . Next, the definite quantum currents J n , equation (15) , are shown in figure 3 in units of eω B a/L x for levels n = 0, 1 and 5. One can see that for a large magnetic field, for instance E * B = 10 in figure 3(d) , there are only small deviations of currents from the behaviour of uniform fields ∼F , equation (16) , being unperturbed by band discontinuities of the well. However, as the magnetic field decreases, the quasi-oscillatory behaviour of currents as a function of q shows up, and a current quantization takes place at a small E * B , figure 3(a) . It is seen that for the level with n = 0 and n = 1 no current flows up to a particular value of q and then sudden jumps appear. For the n = 0 level in figure 3 (a) the current remains low up to q 7.33 and then suddenly jumps to the value of J 0 14.8. After that, it grows linearly and for the first excited level n = 1 the current is J 1 −0.002 up to q 5.97 and suddenly it leaps to the value J 1 12.1 and linearly increases up to q 7.33 where J 1 14.8. Then it drops to J 1 0.044 and remains there without noticeable changes up to q 7.39
where it takes another sudden jump to J 1 14.9. Then, it grows again linearly. This feature of sharp transition of the magnitude of the current as a function of the electric field becomes diminished as one increases the strength of the magnetic fields: in figure 3(b) where E * B = 1 there still remain sharp transition features. However, when one further increases E * B to 5 only slight oscillatory behaviour remains in figure 3(c) . The appearance of negative currents in figures 3(a) and 3(b) is due to the bigger negative current flowing along one side of the well compared to the positive current contribution from the opposite side of the well when the corresponding electron wavefunctions are mostly localized inside the well to the chosen field strengths and configurations.
In order to comprehend this interesting behaviour of current change we have plotted the charge density ρ = −e|χ| 2 for orbitals with y * 0 = 0 in figure 4 in units of −e as a function of the dimensionless distance y * = y/r B , where the magnetic field is fixed as E * B = 1.0. In figure 4 (a) the charge density is drawn for the ground orbital, n = 0, where q 8.4 for the dotted curve and q 8.8 for the solid curve were chosen. One can associate these curves with the corresponding levels in figure 2(b) : the dotted curve in figure 4(a) corresponds to the point in the lowest curve at q 8.4 in figure 2(b) , i.e. to the left of the anticrossing point, and the solid curve in figure 4 (a) corresponds to the point located at q 8.8 in figure 2(b) , i.e. to the right of the anticrossing point. What is seen in figure 4(a) is that the electron is mostly localized inside the quantum well when the applied electric field is q 8.4. On the other hand, when the value is increased to q 8.8, the electron is pushed out of the well and resides outside the well. It was observed that at the point of anticrossing, i.e. q 8. structure looks more complicated because there is more than one antinode in the wavefunctions for excited levels, precisely two in this case. For the chosen value of q 5.0 both antinodes (dotted curve) are mainly located inside the quantum well. In this case the corresponding electron level is located before the first anticrossing point of q 6.4 in figure 2(b) . When the electric field is increased to q 8.4 (dashed curve), one of the antinodes has been leaked from the well. This level lies between two anticrossing points in the corresponding curve in figure 2(b). As one increases the electric field further to q 8.8, the electron wavefunction responds very interestingly. It is seen that the charge density near the right-hand well boundary accumulates instead of being pushed out of the well (dashed-dotted curve). When the electric field is further increased beyond the last anticrossing point of q 9.1, the antinode which remained inside the well finally leaks out and both antinodes of the charge density are located outside (solid curve).
One can imagine that the calculated interesting anticrossing features in the energy spectra should affect the resulting transport and optical properties of the system, and this is what was observed in the definite currents in figure 3(b) with the same E * B = 1 as figure 4 and figure 2(b) . Here, we pay attention only to the result for n = 0 for a detailed analysis. It is seen that the value of the current remains small until q 8.4 where J 0 0.61 and then the value jumps to J 0 1.8 at q 8.8. A sharp jump of the current occurs around q 8.6 where the anticrossing takes place in figure 2(b) . This result can be interpreted in terms of the charge density drawn in figure 4(a) . When the strength of the electric field satisfies q ≤ 8.4, the electron is mostly localized inside the quantum well. In this case the calculated currents, equation (15) , are due to the contributions from the edge currents near the well boundaries. When the electric field is turned off, q = 0, the wavefunction is perfectly symmetric with respect to y = 0, and the current vanishes identically. On the other hand, when q = 0 the wavefunction is no longer symmetric due to the electrical bias. Consequently, the current does not vanish. The reason why the value of the current remains small when the electron wavefunction is localized inside the quantum well is the following: for the chosen configuration the total current has two contributions from the edge currents, one flowing along the right-hand well boundary and the other along the left-hand well boundary, but in the opposite direction to the first one. When there is no electric bias these contributions cancel each other out. However, when the bias is turned on there is a net contribution but it is small. When the electric field is increased further electrons are pushed out of the well. Consequently, the electron wavefunction is located mainly outside the well and current J 0 increases linearly with the electric field according to equation (16) , as is seen in figure 3(b) . As one decreases the magnetic field, this interesting feature of current structure becomes more dramatic: the change in the magnitude of the current occurs abruptly as the electric field reaches particular values that correspond to the situation when an antinode of charge density suddenly leaks out of the quantum well (see figure 3(a)) .
For the excited level n = 1, the currents show a quasioscillatory behaviour as a function of the electric field in figure 3(b) . The current structure looks more complicated because there is more than one antinode in the calculated wavefunctions. A similar explanation to the n = 0 case can be made but will not be given here.
Even though we restricted our consideration to one particular case of V * 0 = 6, we have seen that increasing depth of the well V * 0 at fixed E * B leads to smaller gaps between energy levels with different n at the anticrossing points and, accordingly, induces more drastic changes in the associated currents. Therefore, in general, the observed quasi-switching behaviour seems to be more evident for a larger ratio of V 0 /hω B . In addition, the role of the width of the well a is seen to shift the location of the anticrossing points but not to affect the size of the gap. For instance, for a bigger well width the corresponding jump of currents was seen to occur at a higher electric field for the fixed magnetic field and depth of the well.
So far, we have analysed the currents carried by definite electron orbitals, in particular for the choice of y * 0 = 0 as a representative case. Having seen the interesting quasi-switching behaviour of the current associated with one particular level, one may wonder to what extent this structure would persist in macroscopic current. The observable equilibrium current can be calculated with use of equation (17) Let us first consider an experimental situation without applying the electric field, thus only the magnetic field is present. The electric bias will be turned on later. Using a simple time-independent perturbation theory, it can be proved that for V 0 hω 0 the energy dispersion in k x is parabolic to a good approximation [22] . Then, the energy, equation (11) , forms the usual parabolic subbands in the region of importance, i.e.
where E (20) is negligible compared to the energy spacing between two adjacent subband levels. In addition, as discussed in the previous section, the spin does not affect the definite quantum current. Accordingly, in the following we will work in the spinless particle picture and the spin effect will be taken into account simply by multiplying the degeneracy factor of two in counting states. For the given electron density we estimated that all electrons would occupy levels in the lowest subband. The anticrossing or level interaction between different n on the y * 0 axis occurs far outside the occupied region. Then, one may carry out the summation in equation (17) for a single parabolic subband n = 0 only. Thus, evaluation of equation (17) is reduced to
where α ± ≡ ± k 2 F − k 2 x and k F is the Fermi wavevector which depends on two-dimensional concentration n e , i.e. k F = (2πn e ) 1/2 . It follows analytically that this current vanishes due to the symmetric nature of the energy dispersion about y 0 = 0.
Next, let us turn to the electric field adiabatically without changing any other parameters. In figure 5 we have plotted the energy spectra as a function of y * 0 for several values of q with E * B = 1 which equals 11.1 T, where the solid curves are for the level n = 0 and the dotted curves are for n = 1. The aforementioned parabolic feature of energy dispersion in k x ∼ y * 0 when the electric field is not present (q = 0) is clearly seen for both n = 0 and n = 1 subbands. As the electric field increases, the distortion of the energy dispersion from the parabolic shape gets bigger. Also, the anticrossing between the two levels n = 0 and n = 1 is seen and it occurs at a smaller y * 0 for a bigger q. Here, it is essential to recognize the fact that applying electric field along the y direction does not change the electron momentum k x and k z in our model without any scatterings. In other words, the already occupied momentum states before turning on the electric field preserve their k x and k z even after the electric field is turned on. Accordingly, the structure of the Fermi disc remains the same for the cases before and after applying the electric field. What is altered is the energy eigenvalues for the same momentum states y * 0 (dispersion in k z is always parabolic). Then, the net current was obtained by summing up contributions from the levels on the energy surface for n = 0 inside the Fermi disc, utilizing equation (21) . We have explicitly indicated the location of the normalized Fermi radius stronger magnetic field, B = 11.1 T, a similar jump shows up at a higher electric field, F 77 kV cm −1 . Our result shows that this interesting current anomaly persists for an even larger magnetic field B = 22.0 T, but the sharp feature of the jump of the current is smoothed out.
These interesting anomalous behaviours in the equilibrium current can be understood in detail. To this end, let us choose a particular case of B 11.1 T in figure 6 as an example, where the jump in the current is seen at F 77 kV cm −1 which was converted from q 6.85. The corresponding energy dispersion in y * 0 ∼ k x to this field can be found in figure 5 . One notices that at this particular value of q 6.85 the Fermi wavevector ∼y * F coincides with the anticrossing point in the energy curve. This explains why the jump in the current is made at a particular value of the electric field. Since the Fermi energy corresponds to the anticrossing point in the energy spectrum, electrons with k x ∼ k F make appreciable contributions to the net current, according to equation (16) . Increasing the electric field shifts the anticrossing point to the inside of the Fermi disc, as depicted in figure 5 for q 8 when F 90 kV cm −1 . Then, there are many occupied levels beyond the anticrossing point. Accordingly, the resulting current is high in figure 6 . For a greater F more levels to the right of the anticrossing point contribute to the current. In the opposite limit of a smaller electric bias we have seen that the anticrossing point lies outside the Fermi disc; accordingly, the net current is small as is demonstrated in figure 6 since all the occupied electron orbitals are localized inside the well. Finally, the reason why the location of the current jump is shifted to a bigger F in figure 6 at a higher magnetic field is because increasing B reduces the value of y * F for a given k F . Accordingly, a higher electric field is required to move the anticrossing point to a smaller value than y * F . Since the average electron scattering rate τ −1 in typical quantum wells is of the order of ∼10 11 s −1 at low temperature [24] , the associated energy broadening (δE ∼ h/τ ≈ 10 −1 meV) is negligible compared with the spacing between energy levels with different n, E ∼ 10 meV for B ∼ 10 T in our case. Accordingly, it is expected that the general features of our obtained energy spectra and transport properties will remain the same qualitatively at low temperatures, even if the scatterings are taken into account. However, strictly speaking, since our calculation was carried out in the single-particle picture, it is necessary to suppress the scatterings in experiments in order to see the predicted effect. For instance, the impurity scattering can be isolated using modulation doping or by growing a short-period superlattice layer in the wide-bandgap region to prevent impurity migration into the active region.
Conclusion
We have investigated theoretically the electronic and transport properties of a single quantum well under the influence of both electric and magnetic fields within a single-particle description. The electric fields were applied along the growth direction and the magnetic fields were applied parallel to the interface.
By tuning the applied fields, various interesting features of the energy spectra were obtained. The main features are the anticrossing or repulsion of levels, quadratic dependence of energy on the electric field in the strong fields and reconfirmation of the quantum-confined Stark effect. Also, the associated quantum currents with the obtained energy eigenstates manifest an interesting quantum behaviour: an abrupt increase or decrease of the currents occurs at the level-repulsion points in the energy spectrum as a function of the applied fields, which corresponds to the situation where an antinode of the electron wavefunction leaks from the well.
Finally, the net equilibrium currents were obtained by summing up all contributions from the occupied energy levels at zero temperature. In doing so, the crucial point was the use of conservation of the transverse electron momenta perpendicular to the electric fields, before and after applying the electric fields, in our model without scatterings. The pronounced current jump persists in the macroscopic currents as well, which flow along the direction normal to both electric and magnetic fields. It should be emphasized that this current is lateral unlike the vertical currents with respect to the interfaces in the usual resonant tunnelling configurations. In particular, the role of anticrossings or level repulsions in the energy spectrum in determining the currents has been explained in detail. When the condition meets the requirement that the anticrossing in the energy spectrum as a function of y 0 (which is basically the electron wavevector along the direction of the lateral current) occurs inside the Fermi radius, a large net current is induced due to the occupied electron orbitals that carry substantial currents. In the opposite limit when the anticrossing occurs outside the Fermi radius, the net current is small since all the occupied levels carry tiny currents.
Even though we expect that the inclusion of scatterings will modify our results to some extent, which certainly forms an interesting future research subject, we believe that the results presented here provide a new insight into quantum well behaviour in crossed electric and magnetic fields.
